In previous papers the authors presented an elementary theory for feedback control of nonlinear delay eyetems, in which methods of standard nonlinear analysis were used to eolve control problems such as output regulation and tracking, disturbance deeoupling and model matching for a class of nonlinear delay systems. Output control was obtained by mean• of state feedback control laws, but nothing was said about the behavior of the system state. In this paper some result. have been obtained about this problem. It is proved that if the output and its derivatives up to a given order are driven to zero, and if the system -owns a certain Lipschitz property in a suitable neighborhood of the origin, and the initial state is inside 1uch neighborhood, then the system state asymptotically goes to zero. Simulations on nonlinear delay systems unstable in open loop match the theoretical reeults.
Introduction
In papers [4, 5] , thanks to the introduction of a suitable mathematical formalism, in which a central role is played by the concept of delay relative degree, the problem of output control of nonlinear delay systems was solved for an interesting class of nonlinear delay systems. This is the class of minimum phase delay systems, that is the class of delay systems that have delay relative degree and stable zero dynamics. The formalism proposed in [4, 5] allows to overcome the mathematical difficulties due to the simultaneous presence of nonlinearity in the differential equations and of a state space of infinite dimension, that characterize delay systems. The static state feedback control law presented in [4) forces the input-output mapping to be linear and removes the effect of the delay. As a consequence, the output and its derivatives until order r-1, where r is the system delay relative degree, can be easily controlled.
In this paper we consider the problem of the socalled zero-dynamics, that is the behavior of the state when the output and its r -1 derivatives are driven to zero and kept to zero by a feedback law. Conditions are presented that guarantee, when the output and its derivatives until order r -1 go to zero, that the state asymptotically goes to zero too. Among the conditions, the delay relative degree r must be equal to the dimension n of the state variables and the function~(· ), that gives the output and its derivatives until order n -1 from the state variables and their past values, must be invertible with respect to the state variables, and the inverse function must be Lipschitz, in a suitable neighborhood of the origin, with a coefficient less than 1. 
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This particular Lipschitz condition is locally verified by a lar«e class of nonlinear delay systems. For such systems the problem of the state behaviour is solved, provided that the initial state is in a suitable neighborhood of the origin. Simulation results are reported on a nonlinear delay system that is unstable in open loop, and show that the state goes to zero if its initial value is in a suitable neighborhood of the origin.
The paper is organized as follows. In section 2 the necessary notations are reported. In section 3 the main results of the paper are reported: the problem of local asymptotic stability is formulated and solved. In section 4 an example of application is presented with simulation results. Conclusions follow in Section 5.
Preliminaries
In this section notations and definitions presented in [4] and extensively used throughout the paper are briefly reported. The control system under investigation is described by the following equation (1) y(t) = h(:l!{t)), 
LaLF-
where
(6)
Then, we .say that the system has delay relative degree equal to r in 0,..
we .say that the system has global delay relative degree equal to r.
•
where r(X) is defined as
and m(X, uA , .. . , u(r-1 )A) is as a consequence. Note that from condition (4) it is r(X) :f. 0 for X E 0,. . ?11 It is not difficult to check that for systems having delay relative degree equal to r in 0,. it is (12), it is easily seen that the feedback control law
imposes the following linear input-output map with respect to the new input 11
y<">(t) = 11(t).
Note that vector X is defined fort?: (r-1)a, and therefore the control law (12) can be applied starting from time instant (r-1)a.
Defining the vector function !l(r-l)(t)
Given the linearized input-output mapping (13), output regulation, tracking and model matching can be easily performed. For example, by suitably choosing a row vector K, the input
drives the output and its r -1 derivatives to zero with any fixed decay rate.
For nonlinear systems of the form (1), (2) having global delay relative degree equal tor, the zero dynamics is called to be the state evolution of the feedback system
t?: to?: (r-1).6., (17) where variable :z:(t) fort S t 0 is such that the output and its first r-1 derivatives are zero at to (y(to) = ~1 >(to) = .. . = y(r-l)(to) = 0), and u(t) is the feedback input that obtains y<">(t) = 0 fort ?: t 0 (it can be computed setting
Nonlinear systems of the form (1), (2) are said to be minimum pluue if they have stable zero-dynamics, extending in this way the terminology generally adopted with reference to nonlinear undelayed systems.
To conclude this section, let
We say that the system (1), (2) is globally delay olMen~able if it has global delay relative degree r = n and there exists the inverse ~-l offunction ~with respect to z, that is
3. Local asymptotic stability
From here on we assume that system (1), (2) has delay relative degree r equal to n, so that when control law (12) and (16) is applied, the dynamics of variable z is described by the linear equation 
Take as 52 the following
We can prove that llz('r)ll < 1 Cor T E [-A,oo). First of all note that by assumption it is liz( r)ll 5 5t < 1 for
Now it is not difficult to prove the following implication fori;?: n llz(r)ll < 1 ,
This happens because forTE [iA,
It follows that llz(T)II < 1 "'t;?: -A, and we can conclude that maxlimt-oo llz(t)ll < 1· Moreover maxlimllz(t)ll5 a maxlim llz(t)ll+ t-oo t-oo
and, being /3(n -1} < 1 and maxlim,._. 00 ll.r(t)ll a finite quantity, it follows that it must be maxlimt-oo llr(t)ll = 0, that is the thesis.
• • Remark 6.
Assumptions (23) of theorem 2 can be replaced by the following: there exist positive constants 61 and 62 such that llr(r)ll < 61 , llz(r)ll < 62,
In this case, the boundedness condition on the variable r must be satisfied in a narrower interval, while the one on variable z needs to be verified in a delay interval rather than only in instant (n-1}~.
• Results similar to those reported in theorem 2 can be achieved by using the hypothesis of bounded gradient, and are presented in the next theorem. In the proof the mean value theorem is used, that states that if ~({) :
lR"' --+ R is a C 1 function, then for any pair {t, 6 E R"' there exists a (on the segment from { 1 to 6 such that (34)
The mean value theorem is applied to the j-th component of the map ~- H2} there exists a positive constant -y such that if for t ~ (n -1)~ it is llz;AIIoo < -y, i = 1, ... , n -1,
Then, there exist suitable positive constants 6 1 and Now the following implication can be proved for
This is true because for
:$ aMe~t(T-(n-t).1)11z((n-l)~)lloo + f3r :$ 'Y· (47) Until now we have proved that llz(T)IIeo < 1 for all T ~ -~. This implies that there exists finite maxlimt-oo llz(t)lloo· Moreover it is maxlim llz(t)lloo :$ {3 maxlim sup llz(t -i~)lloo = c-oo t-oo i=l, . .. ,n-1 = {Jmaxlimllz(t)lloo, t-oo (48) and, being {3 < 1, it follows that maxlimt-oo llz(t)lloo = 0, that is the thesis.
• Remark 8.
We want to stress that by the same hypotheses of theorems 2 and 7, the boundedness of the state can be proved in asymptotic output tracking problems, provided that the reference output and its n -1 derivatives are bounded.
Example
Let us consider the following nonlinear delay system
y(t) = Zt(t), with ~ = 0. In this case we have a= 1, {3 = 1
.
In simulations the initial state has been chosen constant Simulations show stable zero dynamics for all c5 E (0, 2.5).
In figures 1, 2 the two components of the state and the control input are plotted in the case 6 = 2.
Conclusions
In this paper the problem of the state behavior is studied for nonlinear delay systems in which the output and its derivatives are driven to zero by a control law derived using an elementary theory of nonlinear feedback, proposed by the authors in previous papers. Local conditions on the system structure and on the initial state that guarantee the asymptotic stability of the closed loop system. 2,0rr------~---------,---------,--------,---------,--------o---------, 
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